Stability Analysis of Rabies
Model with Vaccination Effect
and Culling in Dogs

by Eti Dwi Wiraningsih Et Al

Submission date: 19-Jan-2023 10:54AM (UTC+0700)
Submission ID: 1995168209

File name: wiraningsihAMS77-80-2015.pdf (330.04K)
Word count: 4918

Character count: 22734



Applied Mathematical Sciences, Vol. 9, 2015, no. 77, 3805 - 3817
HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988/ams.2015.53197

Stability Analysis of Rabies Model

with Vaccination Effect and Culling in Dogs

'Eti Dwi Wiraningsih, *Folashade Agusto, ’Lina Aryati, ‘Suzanne Lenhart,
SSyamsuddin Toaha, *Widodo, "Willy Govaerts

Department of Mathematics, Jakarta State University, Indonesia
'PhD student at Gadjah Mada University, Indonesia
Email: etidwi@gmail.com

’Department of Mathematics and Statistics, Austin Peay State University, USA
Email: fbagusto@gmail com

36Department of Mathematics, Gadjah Mada University, Indonesia
Email: lina@ugm.ac.id, widodo_mathugm @ yahoo.com

‘Department of Mathematics, University of Tenessee, USA
Email: lenhart@math.utk edu

SDepartment of Mathematics, Hasanuddin University, Makassar, Indonesia
Email: syamsuddint@yahoo.com

"Department of Applied Mathematics and Computer Science, Ghent University,
Belgium
Email: Willy Govaerts@ugent.be

Copyright © 2015 Eti Dwi Wiraningsih at al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

Abstract

This paper considers a deterministic model for the transmission dynamics of rabies
virus in the wild dogs - domestic dogs - human zoonotic cycle. The effect of
vaccination and culling in dogs is considered on the model, then the stability was
analysed to get basic reproduction number. We use the next generation matrix
method and Routh Hurwitz test to analyze the stability of the Disease Free
Equilibrium and Endemic Equilibrium of this model.
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I Introduction

Rabies is a viral disease that atfects the central nervous system. All mammals
including domestic and non-domestic animals and humans are susceptible to rabies.
The rabies virus is a lyssavirus, a virus in the Rhabdoviridae family responsible for
causing encephalities. The name Rhabdo comes from the Greek and identifies the
characteristic bullet or rod-shape of the viruses. This virus is transmitted through
the saliva of an infected animal. Infections occur primarily via bite wounds, or
infected saliva entering an open cut or wound or mucous membrane, such as those
in the mouth, nasal cavity or eyes. The virus will generally remain at the entry site
for a period of time before traveling along the nerves to the brain. In the brain, the
virus multiplies quickly, resulting in clinical signs. The virus then moves from the
brain along nerves to the salivary glands. The disease has an incubation period from
several days until six months, and symptoms usually take several weeks to appear
after infection. Rabies is always fatal in animals one symptoms appear [1].

In all continents except Antartica the rabies virus is present. In some countries, the
disease remains endemic with rabies present mainly in wild animal hosts. Dogs
continue to be the main carrier of rabies in Africa and Asia and are responsible for
most of the human rabies worldwide [ 2, 3, 4]. Humans most often become infected
with rabies through the bite or scratch of an infected dog or cat [5].

In Indonesia, rabies is a re-emerging disease problem. A recent outbreak of rabies
in Bali has drawn international attention because it is one of the popular tourist
destinations of South-east Asia. Being an island country, Indonesia is in a better
position to prevent and control rabies compared to other countries in the region, but
inter-island movement of dogs and existing socio-cultural factors in relation to dogs
contribute to the spread of rabies in Indonesia. Different communities in islands of
Indonesia, each with their own unique traditions, have different attitudes towards
dogs. Fishermen often take their dogs on extended trips which may include visits
to several islands. The constant movement of small boats among the islands of the
Indonesian archipelago with dogs on board is the most likely way that rabies could
affect currently rabies-free islands.

To prevent the spread of rabies disease, vaccinaton is recommended. But, because
of the large toll of the economic burden of rabies, culling is considered as one of
strategies to control the spread of the disease [6, 7]. Transmission dynamics and
control of Rabies in China has been modelled by Zhang et al [8]. This model
analyzed the spread of rabies in dogs and humans with the influence of vaccine and
culling in dogs.
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The goal of this paper is to investigate models for rabies involving wild dogs,
domestic dogs and humans. Stability analysis and the basic reproductive number
will show the important rates in controlling the spread of this disease.

2 Model Development

Wild dogs, domestic dogs and humans are considered. Wild dogs are defined as
dogs that roam the streets with no owner and domestic dog defined as home dogs
that gain the attention of the owner. So the populations of wild dogs and domestic
dogs are considered separate. One form of attention of dog owners is providing
immunization and vaccine against rabies to their dogs. Culling on domestic dogs
may be carried out after the dog is proved having rabies. For wild dogs, the lack of
public attention, the high price of vaccine and the difficulty of catching stray dogs
make culling the only way to reduce the transmission of rabies from wild dogs.

Atfirstrabies can be transmitted by wild dogs to domestic dogs, then domestic dogs
transmit rabies to their owner, but humans can also be infected with rabies directly
from wild dogs. Prevention and treatment of rabies in humans is conducted by
immunization and vaccine delivery. If someone is bitten by a dog, the first step is
to wash the wound with soap followed by administering the vaccine and the
laboratory examining brain specimens of the dogs. If the result is negative, vaccine
is stopped. If positive, vaccine delivery is continued. Based on the time of
administration, there are two types of vaccine, i.e preventative vaccine that is given
to healthy individuals to prevent transmission of rabies, and the vaccine that can
be given to individuals who have been exposed to rabies, known as Post-Exposure
Prophylaxis (PEP) vaccine.

Since most people will go to hospital after being bitten by dogs, we assume that
infected people will not infect healthy people and dogs. Since domestic dogs that
suffer from rabies are usually treated and quarantined by the owner, it is assumed
that domestic dogs do not transmit rabies in wild dogs.

We develop a compartmental maodel of rabies spread. The population of wild dogs
is classified into three subclasses, namely susceptible, exposed and infectious with
sizes denoted by S,, E; and [,. Both domestic dogs and humans are classified
each of them into four subclases, susceptible, exposed, infectious, immune due to
vaccination with domestic dogs sizes denoted by Sp, Ep, I and Rp and human
sizes denoted by Sp, Ep, I, and R, respectively. The model is a system of eleven
ordinary differential equations

-S{IL =0, — (U +Pul + S,

Ey = BuSuly — (u + & + 0)E,

IL = ELEL - (HL +a; + C)IL

Sp = 0p = (up + Boplp + Pprly +mp)Sp + wpRp + pipEp

Ep = (Boplp + Bpili)Sp — (up + &p +9p)Ep

Ip = epEp — (up + ap + e)lp (1
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an =mpSp — (Up + wp)Rp + (1 = p)IpEp

Sp = 0p = (Up + Ppplp + BrplL + Mp)Sp + wpRp + qUpEy
Ep = (Bpplp + BrelL)Sp — (uptep +9p)Ep

1;3 =¢epkp — (up + ap)lp

Rp =mpSp — (up + @p)Rp + (1 — q)0pEp.

In the population of wild dogs, d, denotes the birth rate of wild dogs, y; is the
death rate of wild dogs, [5;; states the transmission coefficient between wild dogs,
g, is the latency rate in wild dogs, «; is the disease induced mortality of wild dog,
and c is the culling rate of wild dogs. In the population of domestic dogs, dj
denotes the birth rate of domestic dogs, up denotes the death rate of domestic dogs,
Bpp and fp; state the transmission coefficient between domestic dogs and the
transmission coefficient between domestic dogs and wild dogs, respectively. Then,
gp is the latency rate in domestic dogs, my, is the vaccination rate on domestic
dogs, wp is the waning immunity in domestic dogs, Jp denotes the rate of giving
PEP to exposed domestic dogs, p is the proportion of domestic dogs given PEP
that go to susceptible class and 1 —p is the proportion of domestic dogs given PEP
that go to recovered class, and the culling rate of domestic dogs is denoted by c.
Similarly, in human population, the birth rate of people, denoted by dp. The death
rate of people, denoted by pp. Then ap is the disease induced mortality of people,
PBpp and B;p defined as the transmission coefficient between domestic dogs and
people, and the transmission coefficient between wild dogs and people,
respectively. Then &, is the latency rate in people, 9, is the rate of giving PEP to
exposed people, g is the proportion of people given PEP that go to susceptible
class, 1 — g is proportion of people given PEP that go to recovered class, mp is
the vaccination rate on people, and the last, w, defined as the waning immunity in
people.

All parameters in the model are non-negative, and the model will be analyzed in a
biologically-feasible region defined as follows:

D = {(S.,E, 11, Sp,Ep, Ip, Rp, Sp, Ep, Ip,Rp) € RY: S, > 0,E, = 0,1, > 0,5,
=20E,=201p20,R, 20,5 =20,Ep 20,Ip 20,Rp = 0}

3 Stability Analysis of Disease-Free Equilibrium

Theorem 1 The DFE of model (1) is given by
(S5, B 11,55, B 5, R S5 B 5, R ) =
L dpky mpdp dpltyy 00 mpdp )
’(l » e ¥ -

kykg—mpewp’ " kyks—mpwp’ kgkyi-mpwp’ " kgki—mpawp
Then, the basic reproduction number R is given by

Bppdpksp BrLoLE,
R, = max ,

(kyk; —mpwp)keks” kiksk,
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where ky =y +c, ko= e +c, ks =y +a,+c, ky=pp+mp, ky =
Uup+wp, kg=up+mp, ky; =pup+wp. If Ry <1, then DFE is locally
asymptotically stable and if R, > 1, then DFE is unstable.

Proof. In the next generation matrix technique of Driessche-Watmough [9], we
have six ‘infectious’ classes, E;,1;, Ep, Ip, Ep, Ip and

0 % 0 0 00 k, o 0 0 0 0
0 0 0 0 00 & kg 0 0 0 0
dpk dp k:
Pe|0 e O Ritme 0 Oadv=| gog f2 000
0 0 0 0 00 0 0 0 0 ke 0
0 BupSe 0 BopSp 00 0 0 0 0 —g kyp
0 0 0 0

0 0
wherelky =y, +c, ko =y, v, +c, ka=pu, +a,+c, ky=up+mp, ks =
ptep+9p, ke =pptapte, ky=pup+twy, ke =pp+ep+9p, kyg=
Up + ap. Then using R, = p(FV 1) with pbeing the spectral radius, we obtain
BppOpks€p )GLLaLEL}

Ry = . 2
o= mar s @
By Theorem 2 of Driessche-Watmough [9], we have the DFE of basic model (1) is
locally asymptotically stable if Ry < 1 and unstableif R; > 1.m

Furthermore, consider the domain D; =

{(SLJ EL! IL, SDJ ED! ID, RD! Sp, Ep, IPn RP) € D: S.E*, = SLJ S.E*) = SDJ S;’ =2 SP}
Theorem 2 Th@)DFE of model (1), is globally asymptotically stable in D,
whenever R, < 1.

Proof. The proof is based on using a comparison theorem. The equation of the
infected components can be written in terms of

Ey, E, Ep E, EL
I, I I Iy I
i[; =(F-V) f;) —M; Q4 ii: - M;Q; f;: — M3Q3 ii:
Ip Ep Ep Ep Ep
E» Ip Ip Ip Ip
where M, = % -5, M= “kffﬁ —Sp, and M; = kgl T_k—;lmp — Sp.

The matrices F and V are given above and @4, @, and Q3 are the non-negative
matrices given by

0 By 0 0 0 O 0 0 0 0 00
0 0 0 00 0 0 0 0 0 00
0_000000 0 0 Bp. 0 Bop O O
"lo o o0 o0 O] 27 lo o o o0 o0 o0
0 0 0 00 0 0 0 0 0 00
0 0 0 00 0 0 0 0 0 00
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00 0 0 00
00 0 0 00
1o 0o 0o o0 o0 o0
amd Q=15 9 0 0 0 0
0 B O Bpp 0 0
00 0 0 0 0

Thus, since by the definition of D;, M; =0, i =1,23, for all t = 0 and all
parameters are positive, it follows that

E; E,
I I
Blcr-n| 3)
Iy 2
I i
Ep P

2

Esing the fact that the eigenvalues of the matrix F — V' all have negative real parts,
it follows that the linearized differential inequality system (3) is stable whenever
Ry < 1. Consequently, (F(t),1.(t),Ep(t), Ip(t), Ep(t),Ip(t)) — (0,0,0,0,0,0)
as t — oo. By standard comparison results [10]. Substituting E; =1, = E, =
Ip = Ep = Ip = 0 in the first, fourth, seventh, eighth and eleventh equation of the
basic model (1) gives

a1 dpks _ mpdp

SL@) = Sp () = = Ry = s Se() 2

—Oekn o pot) > —TEE gt oo,

kgki1—mpwp kgky1—mpwyp

Thus, (1]

(SL(®), EL(),1,(2),Sp(0), Ep (8), Ip(©), Rp (©), Sp(2), Ep(D), Ip (1), Rp (1)) —
ﬁ; ™y Onky Yy mpdD ¥ Orkas Yy mp9p ast— oo
Fey kakz—mpwp kyk7—mpwp kgkii—mpwp kgk11—mpwp

for R, < 1. Hence, the DFE is globally asymptotically stable if R, < 1.m
4 Stability Analysis for the Equilibria of the Wild Dogs Population

This section presents a mathematical model to describe the spread of rabies
infection in wild dogs.

4.1 Basic Model
Consider the population of wild dogs. The population of wild dogs is divided into
three subclasses: susceptible, exposed and infectious with sizes denoted by S,
E; and I, . The model is a system of three ordinary differential equations
Sy =0, — S =P Sl — ¢Sy
EI"L = BuSily — n B, — & B — cE} (4)
Iy =g E —pu 1y —ayl, —cl.
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1
The model (4) gill be analyzed in the biologically-feasible region as follows. We
consider the region

Dt = {(SL, E.L! IL) € Ri:SL = 0, EL = 0, IL = 0}.
A solution of (4) that starts in D' can be shown to remain in D* for all ¢t = 0.
Thus D? is positively invariant and it is sufficient to consider a solution in D?.

42 Stability Analysis of Disease Free Equilibrium
Theorem 3. The DFE of the model (4), (S, Ef 1) = (#%,0,0), is locally
L
dLBLLEL
(c+un)(CHurter) (cturtar)’

asymptotically stable if RJ < 1, where R} =

Proof. From the basic model (4) we obtain the Jacobian matrix by evaluation at

—u, — _ Bude
My —c 0 uLtc
the DFE point J; = 0 e~ —cC By
uptce
0 €L, —Q, T H—C
with characteristic equation
BLidL
—u; —c—24 0 E—
A = e BridL = 0. (5
f 0 &g —yu,—c—4 i
0 g —a; —yu, —c—4
From (5) we infer that the eigenvalues are A; = —(y;, + ¢) and the roots of the

quadratic equation AA?+BA+C =0, where A=1, B = (u.& +a.u, +
dppc+ce+apc + 2c + 2uf)/uy + c.and € = (cay + 3pic + pfay + e ul +
uP+c® +cepay +epc? — e + 2upe e+ 2upcay + 3uc? + uea)/

uy, + c. Furthermore A > 0,8 > 0 and C can be positive or negative.

We distinguish in several cases.

Case 1. If C <0, then we obtain two real eigenvalues, negative and positive, so DFE
is unstable.

Case 2. If C =0, then we get two real eigenvalues, a negative one and zero, the
stability of DFE is undecided.

Case 3.If C > 0 and B? — 4AC = 0, then we obtain two real eigenvalues, equal
and negative, so DFE is asymptotically stable.

Case 4. If C > 0 and B? — 4AC > 0, then we obtain two eigenvalues, real and
negative, so the DFE is asymptotically stable .

Case 5. If B2 — 4AC < 0, then we obtain two complex conjugate eigenvalues with
negative real part, so DFE is asymptotically stable.

From the 5 cases, we can conclude that if € < 0 then DFE is unstable; if € = 0,
then the stability of the DFE point is undecided; if € > 0 then the DFE is
symptotically stable, so stability of the DFE point depends only on the value of C,
where € >0 if
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a, +3ulc+ pka, + g pd 4 + B +oepap + 5,02 — 9, B8, + 2uE, +
2upcay, + 3u,c? + ppe > 0, or
cag + 3utc+ play + ept + o+ 2 +eepa +ec? + 2uec +

d1BLLEL
(ctpp)(Crup+ep)(c+uptar)

2upcap + 3t e > 9 fue,or

Define basic reproduction number R} = OByt ,weget C >0 if
(etpp)(CHupter)(e+p+ag)
RE < 1.Inother word, the DFE is asymptotically stable if R} < 1. This proves the

Theorem.m

We note that R} is equal to the second quantity in (2). Consider the domain
(JD% = {(SLJ EL; 1,{,) € Ri- SE = SL}-

(1]
Theorem 4. The EFE of model (4), is globally asymptotically stable in
D; whenever R} < 1.

Proof. The proof is based on using a comparison theorem. The equation of the
infected components can be written in terms of

E, Ey E,

L) = - ()t) -mo(}).

(h) (F=v)(;*) -mo(}’
where M =, Lc — 1151 . the matrices F .V, and Q are

ppt
[

_ (0 Bu—r— _(#L+5L+C 0 ) /0 1
F—(D ) V=0T e and Q= (o)

Thus,since M = 0 forall t = 0 and all parameters are positive, it follows that
H<r-n (). (6)
IL IL

sing the fact that the eigenvalues of the matrix F — V' all have negative real parts,
it follows that the linearized differential inequality system (6) is stable whenever
Ry < 1. Consequently, (E (t),I,(t)) - (0,00 as t—>oco. By standard
comparison results [10]. Substituting E; = [; = 0 in the first equation of the basic

model (4) gives Sp(t) — ﬁ as ¢ = 0. Thus, (5, (£), E, (£), 1, (¢)) = 2%, 0,0)

He
as t — oo for R§ < 1. Hence, the DFE is globally asymptotically stable if R§ <
1l =

43 Stability Analysis of Endemic Equilibrium (EE)

The endemic equilibrium of (4) is unique as given by
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(SE, EE, IE) — ELQL+EL|L1L+ELC+;1LQ:L+;1E+2;JLC+CI:}:L+CZ - 1 O,(i + C3 +
) ) ) BrieL E(E+up+o) Brr
erc? 43 c? + 3ufc +epuf +ufay — 8, B + e ay + 2u e c + 2upca +
cepay + ctay),
—(luf+c3+£,_cz+3lu,_cz+3ufc+£;_af+ufa,_—6,_ﬁu_£L+|u,_£La,_+2IuLELc+2luLca,_+csLaL+cza,_})
Bro(eLapteppprepctppap i +2upctecap+e?) )

It is physically meaningful if all components are non-negative, i.e
A frrer > (o + )y + &, + )(u + ap + ¢), which is equivalent o Ry > 1.

Theorem 5. The EE point of the model (4) is locally asymptotically stable if R{ >
1.

Proof. The characteristic polynomial equation of Jacobian matrix evaluated at
the EE point is given by

F(A) = AZ* + B2+ CA+D =0, %)
where
A=—gay =g —&c—pay, —uf —2pc —cage, —c?,
B=—4uea, —0,0,& —6uca, —ca’—6ue.c—4cga, —ela, —

w2 = 3pta, —3cta, — 6uic — 6u c? — 2¢® — 2u3 —efc— 3,2 —
Sepuf — el

C=-20,B 8¢~ 0 B e a, — 0 BLef — 20, Brem,

D == fupua — 0 fec? + 4 efarc + 2ctay — 9 fuefm + 5¢tu, +
dpge afc + 126 Puay + 12ufce ap — 20, frre e — 0By efc + u +
c®+10c3u? + 2c*e; + 10ujc? + Sufc + 2uta, + 2ufe, + efc® +
e a; +8uie c + 8uica, +4cde ap + 8cde uy + 83 u ) +
2efc?a; + 3efciu, +12¢,c?uf + 12uic?a; + 2efpta, + 3efufc +
2uiate, +3uiaic + pefal + efui + piat + ccaf — 9,8, 6 cap +
Bu,ctaf + cefaf + 2c*e af — 0, Bl — 0L Brremt.

Wehave A < 0,B <0, C < 0 and the value of D can be positive or negative. By
the first Hurwitz stability test, D must be negative. This is equivalent to

4y, efac + 2cta, + 5S¢ty + dup s atc + 12¢, cPuy ) + 12ufce a0 + pf +
¢S +10c%u? + 2cte, + 10u3c? + Supc+ 2ufa, + 2ute, + et + dpie al +
8uie,c+ Buica, + 4cie ay + 8ci ey, + 8c3u ay + 2eicay + 3siciu, +
12g, c?u? + 12uf c?ay, + 28l ptay, + 3stuic + 2uta’s, + 3utaic + yelal +
efud +piaf + ccaf +3p,ctal + cefaf + 2c¢tg af <0, fp 0 +

0y BLiec® + 0 By iy + 20, By e e+ 0 B efc+ 0L fy e cap + 0,6 8f +
AL BLreLn] -

. e . . dLBLLEL
Simplifying this, we find 1 <

piying tis, (e+pup)(CHpup+ep)(ctpp+ar)
Hurwitz stability condition is satisfied if R} > 1. Furthermore from the second

Hurwitz stability test, we get the Hurwitz array;

, i.e Ry > 1.Hence the first
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2 |A ¢

2 |p

il b, D where b, =~ (4D - CB).
2 Ip

We have A,B,D > 0 and BC — AD > 0. It can be concluded that EE is locally
asymptotically stable if R§ > 1.m

5 Stability Analysis for the Equilibria of the Domestic Dogs Population

This section presents a mathematical model to describe the spread of rabies
infection in domestic dogs.

5.1 The basic model where the domestic dogs are in the DFE

Domestic dogs are considered. The population of domestic dogs is divided into four
subclasses, susceptible, exposed, infectious, recovered with sizes denoted by
Sp,Ep,Ip and Rp,respectively.
The model is a system of four ordinary differential equations:

Sp = dp — (tp + Poplp + mp)Sp + wpRp + ppkp

Ep = BopIpSp — (up + &p +Ip)Ep

Ip = epEp — (up + ap + e)lp (8)

Rp = mpSp — (up + wp)Rp + (1 = p)IpEp

One can show that the solutions of the system are non-negative for non-negative
initial values, i.e the region

D? = {(Sp, Ep, Ip,Rp) € RE:S5(0) 2 0,Ep = (0),1p 2 0,Rp = 0}
is positively invariant for (8).

52 Stability analysis of the Disease Free Equilibrium (DFE)

Theorem 6. The DFE of the model (8), (S5, Ep, 5, Rp) =

dp(wp+up) dpmp ) . . . 2
,is locally asymptotically stable if R2 < 1,
(#D(wn+#9+mn)’ ! ’#Déwn+|un+mn)a y asymp y o
: +
where Ré - 1pdpepBpptwpdpepBop ‘
wp(Fp+ep+up)up+wp+mp)(pp+ap+e)

Proof. From the basic model (8) we obtain the characteristic equation of the
Jacobian matrix by evaluation at the DFE point

—pp — mp — _ Popdplwptup)
Hp = mp =2 PUb ppl{wp+up+mp) @
Bppdplwp+itp)
f(ﬂ) = 0 —&p — fp —Up — A uplwp+pp+mp) =0 (9)
0 &p —ap—pp—e— 4 0

mp 1 -p)dp 0 —wp— fp— 4
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From (9) we obtain that two eigenvalues are negative. We just need to find the roots
of the quadratic equation AA* + BA + C = 0 for the other eigenvalues, where
A= wpup +pp +upmy,
B = wpupap + I9ppupwp + pupe + Ippupmp + Hoﬂfpmo + wo#oe + upemp +
@phpéEp + EpHpMp + 2039#9 + zﬂomb +ppap + 2up + HD €p-
C= #D + WDHDED + #Dmoﬁo + upmpe + upmp + #9199 + #De +
DG-’D"'#DED + wpi +#DEDe + wpupe + wpupap + wpuip +
Hpepap +upmpan + pimyep+updpe + phpap + ppmpepap +
Upmpepe + ppmppap + pipmpdpe — wpdpepBpp — UpdpEpfop +
wpUp EpAp + WplpEpetwppuppap + wpppdpe.

Furthermore A > 0,B > 0 and C can be positive or negative. We distinguish in
several cases.

Case 1. If C < 0, then we obtain two real eigenvalues, negative and positive, so
DFE is unstable.

Case 2. If € = 0, then we get two real eigenvalues, a negative one and zero, the
stability of DFE is undecided.

Case 3.1f C >0 and B% — 4AC = 0, then we obtain two real eigenvalues, equal
and negative, so DFE is asymptotically stable.

Case 4. If C > 0 and B? — 4AC > 0, then we obtain two eigenvalues, real and
negative, so the DFE is asymptotically stable .

Case 5.1f B? — 4AC < 0, then we obtain two complex conjugate eigenvalues with
negative real part, so DFE is asymptotically stable.

From the 5 cases, we can conclude that if € < 0 then DFE is unstable; if ¢ = 0,
then the stability of the DFE point is undecided; if € > 0 then the DFE is
asymptotically stable, so the stability of the DFE point depends only on the value
of C, where C > 0 if

pHp + WD#DED + #Dmoﬁo + JquDe + Homo + 1“9199 +ppe + #D‘ID'WDED
wu#o + #9599 + wo#oe + wpppap + wpupdp + phepap + upmpa, +
ppmpeptupdpe + uidpan + upmpepay + ppmpepe + ppmpIpan +
upmppe + wplpepap + WpUpEpe+wpupVpap + wpppdpe > wpdpepPpp +

: dpepPpp+wpdpEpBpp
dpe or R:= £p 1
#p9p€pBop; © 7 up(Sp+ep+up) (up+wp+mp)(up+ap+e)

This proves the theorem.m

We consider the domain D? = {(Sp, Ep, Ip,Rp) € RE:S) =5, .

@
Theorem 7. ThEJDFE of model (8), is globally asymptotically stable in D2
whenever R2 < 1.

Proof. The proof is based on using a comparison theorem. The equation of the
infected components can be written in terms of

(7)== (i) -mol((2),
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dp(wp+up)
5 #D(fn+#n+mn)
(0 ﬁDDM> V:(HD+ED+E 0 ) Q:(O ﬁDD)
1] 1 0 -

0 #D(w8+#9+mD) —&p HUp +ap+e 0

Thus,since M = 0 forall t = 0 and all parameters are positive, it follows that

(‘f") <(F-V) (iﬁ’) (10)

D

where M = — Sp, the matrices F, V,and Q are F =

Using the fact that the eigenvalues of the matrix F — V all have negative real parts,
it follows that the linearized differential inequality system (10) is stable whenever
Ry < 1. Consequently, (Ep(t),Ip(t)) = (0,0) as t— o By standard
comparison results [10]. Substituting E, = I;, = 0 in the first and fourth equation
: : dp(wp+up) dpmp
of the basic model (8) gives Sp(t) = T ay— and Rp(t) — T
as t = oo, Thus,
dp(wp+ip) dpmp
(SD(t)J Eﬂ(t)l Iﬂ(t)! RD(t)) - (#D(WD+#D+mD) ’ UJUJ #D(WD‘H!D"'T:RD) '
RZ < 1. Hence, the DFE is globally asymptotically stable in D? if RZ < 1.m

) as t = oo for

6 Conclusions

In the model described above, we present a rabies model in wild dogs, domestic
dogs and human with the effect of vaccination and culling in dogs. Both vaccine
types, pre-exposure prophylaxis and post-exposure prophylaxis applied in the
model. For the big model we analyze the stability of the DFE point to get the basic
reproduction point (R,). By using the next generation matrix method and applying
Theorem 2 of Van-Den Driessche and Watmough, we obtain the condition that
states it R, < 1, the DFE point is locally asymptotically stable. Furthermore using
standard result of the comparison theorem we proved that the DFE point is globally
asymptotically stable if R, < 1. Which means that if R, < 1 would exist forever
the healthy people. the healthy domestic dogs, the healthy wild dogs, the immune
people, and the immune domestic dogs.

Then we split the big model into two smaller parts with wild dogs separately from
domestic dogs. For model rabies in wild dogs, using linearization the model around
the equilibrium point, we obtain the conditions; the DFE point of the rabies model
in wild dogs is locally asymptotically stable if R, < 1 and furthermore we proved
that the DFE of this model is globally asymptotically stable whenever R, <1,
which means that over the time passed, the disease will be extinct. We also analyze
the stability of the endemic equilibrium (EE) of the model and proved that the EE
point of the model is locally asymptotically stable if R, > 1, which means the
disease will exist in a certain period of time if R, > 1. For the model in domestic
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dogs, we proved the stability of the DFE, both locally asymptotically stability and
globally asymptotically stability. The result states that if R, < 1, the infected class
will go to 0 as time goes on.
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